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6 SOME REPRESENTATION THEOREMS FORSESQUILINEAR FORMS
SALVATORE DI BELLA AND CAMILLO TRAPANI
Abstract. The possibility of getting a Radon-Nikodym type theo-
rem and a Lebesgue-like decomposition for a non necessarily positive
sesquilinear Ω form defined on a vector space D, with respect to a given
positive form Θ defined on D, is explored. The main result consists in
showing that a sesquilinear form Ω is Θ-regular, in the sense that it has
a Radon-Nikodym type representation, if and only if it satisfies a sort
Cauchy-Schwarz inequality whose right hand side is implemented by a
positive sesquilinear form which is Θ-absolutely continuous. In the par-
ticular case where Θ is an inner product in D, this class of sesquilinear
form covers all standard examples. In the case of a form defined on a
dense subspace D of Hilbert space H we give a sufficient condition for
the equality Ω(ξ, η) = 〈Tξ |η 〉, with T a closable operator, to hold on a
dense subspace of H.
1. Introduction
It is a very basic fact that to every linear operator T defined on a subspace
D of a Hilbert space H there corresponds a sesquilinear form ΩT on D ×D
defined as
ΩT (ξ, η) = 〈Tξ |η 〉 , ξ, η ∈ D,
and ΩT is named the sesquilinear form associated to T . It is certainly more
and more interesting to consider the converse question: given a sesquilinear
form Ω on D × D does there exists a linear operator T such that Ω = ΩT ?
The problem has very well-known solutions if the Hilbert space is finite-
dimensional or if the form Ω is bounded. The situation changes dramati-
cally for unbounded sesquilinear forms. Although several conditions on a
sesquilinear form Ω are known (see, for instance [8, 13, 17]) for Ω to be
the sesquilinear form associated to a linear operator T in H, a complete
answer to the question remains unknown, in spite of the fact that this ques-
tion has been taken under consideration by several authors (for the non-
semibounded case, see, for instance, [11, 4, 6] and for a treatment in Kre˘ın
spaces [5]). The most relevant results are the first and second representation
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Kato theorems concerning, respectively, closed sectorial forms and positive,
or semibounded, forms (semiboundedness, in particular, seemed for long
time to be an ineludible condition [8, 3]). Sectoriality and positivity are
clearly condition on the numerical range of the form. On the other hand,
the closedness condition on sectorial form Ω means, roughly speaking that
D can be made into a Hilbert space under a new norm ‖ · ‖Ω, generating a
topology finer than the initial one, and with respect to which Ω is bounded.
A construction of this kind is proposed in this paper for a sesquilinear form
Ω with no particular assumptions on their numerical range in order to get a
Radon-Nikodym theorem type for them. This means, if Ω is a sesquilinear
form on D ×D, with D a dense subspace of Hilbert space, that we look for
a representation of the following kind:
(1) Ω(ξ, η) = 〈HY ξ |Hη 〉 , ∀ξ, η ∈ D,
where H is a positive self-adjoint operator in H and Y is so that HY is
well-defined and closable in D.
We consider this problem in a more general setting, by considering se-
squilinear forms Ω defined on a complex vector space D. Properties of Ω
are referred to a fixed positive sesquilinear form Θ on D × D in the same
spirit of Hassi, Sebestye´n and de Snoo in [7]; we will not follow however their
approach but we prefer to use only Operator theory methods (we borrow,
in fact, some techniques used in [1, Ch. 9] and in [10] for certain functionals
or positive sesquilinear forms on (partial) *-algebras; see also [15]).
In Section 3 we consider a sesquilinear form Ω for which the set M(Ω) of
all positive sesquilinear forms Ψ on D ×D such that
|Ω(ξ, η)| ≤ Ψ(ξ, ξ)1/2Ψ(η, η)1/2, ∀ξ, η ∈ D
is nonempty. Then we introduce the notion of Θ-regular form and show that
this is equivalent to Ω admitting a representation of the type (1) (with an
extra condition concerning the Θ-absolute continuity of a certain positive
ΓΩ constructed from H and Y ).
In Section 4 we show that every sesquilinear form Ω for which M(Ω) is
nonempty allows a Lebesgue-like decomposition into the sum of a Θ-regular
and a Θ-singular form (both non necessarily positive), generalizing in this
way a series of results mostly concerned with semibounded forms [18, 7, 19].
It is apparent that the condition M(Ω) 6= ∅ plays here the same role that
bounded variation plays for the classical Lebesgue decomposition theorem
on measure spaces. A Lebesgue decomposition gives a natural relevance
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to singular forms, which, at least in the positive case, occur frequently in
applications [9].
In Section 5 we focus on the case when D is a pre-Hilbert space and Θ
is exactly the inner product of D. In this situation we study the possible
representation of a sesquilinear form Ω as ΩT , for some convenient operator
T defined on a subspace of D. For this we introduce two new notions:
that of q-closed form, which means, roughly speaking that D can be made
into a Banach space under a new norm ‖ · ‖Ω, which makes possible the
construction of a Banach-Gelfand triplet of spaces, and Θ is ‖ · ‖Ω-bounded
on the smallest space of the triplet. The second notion we introduce for
Ω is that of solvability, this roughly means that Ω can be perturbed by a
bounded sesquilinear form such that the corresponding operator acting in
the triplet is bounded with bounded inverse. Under this assumption we
prove that Ω = ΩT , for some closed operator T . If this perturbation is a
scalar multiple of the inner product this condition of solvability turns out
to be a condition on the numerical range nΩ of Θ which simply means that
nΩ does not fill the whole complex plane.
2. Notations and preliminaries
Let D be a complex vector space and Ψ a sesquilinear form on D×D. As
usual, the adjoint form Ψ∗ is defined by
Ψ∗(ξ, η) = Ψ(η, ξ), ξ, η ∈ D.
If Ψ∗ = Ψ, then Ψ is symmetric. We also put
ReΨ =
1
2
(Ψ + Ψ∗), ImΨ =
1
2i
(Ψ −Ψ∗).
Both ReΨ and ImΨ are symmetric sesquilinear forms on D ×D and
Ψ = ReΨ+ iImΨ.
We set
N(Ψ) = {ξ ∈ D : Ψ(ξ, η) = 0, ∀η ∈ D}.
Then N(Ψ) is a subspace of D.
If Ψ is positive (i.e., Ψ(ξ, ξ) ≥ 0, for every ξ ∈ D), then it is symmetric
and
N(Ψ) = {ξ ∈ D : Ψ(ξ, ξ) = 0}.
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In this case, we can consider the quotient D/N(Ψ). We put jΨ(ξ) := ξ+N(Ψ).
Then jΨ(D) = D/N(Ψ) is a pre-Hilbert space with inner product
〈jΨ(ξ) |jΨ(η) 〉Ψ = Ψ(ξ, η).
We denote by HΨ the Hilbert space completion of jΨ(D). Its inner product
will be denoted by 〈· |· 〉
Ψ
and the corresponding norm by ‖ · ‖Ψ.
If Θ, Ψ are positive sesquilinear forms on D × D we write Θ ≤ Ψ if
Θ(ξ, ξ) ≤ Ψ(ξ, ξ), for every ξ ∈ D. If Θ, Ψ are positive, we say that Ψ
dominates Θ if there exists γ > 0 such that Θ ≤ γΨ; i.e.,
(2) Θ(ξ, ξ) ≤ γΨ(ξ, ξ), ∀ξ ∈ D.
3. Absolutely continuous and regular sesquilinear forms
In this section we will extend to non necessarily positive sesquilinear
forms the notion of absolute continuity and study the possibility of get-
ting a Radon-Nikodym-like theorem for them. But before doing this we
need some preliminaries.
Lemma 3.1. Let Ψ dominate Θ. Then there exists a bounded operator C
on HΨ, with 0 ≤ C ≤ γI, such that
Θ(ξ, η) = 〈CjΨ(ξ) |jΨ(η) 〉Ψ , ∀ξ, η ∈ D.
Proof. By (2) it follows easily that Co : jΨ(ξ) → jΘ(ξ) is a well defined
linear operator from jΨ(D) into jΘ(D) and, also, that it is bounded. Thus,
it extends to a bounded operator (denoted by the same symbol) from HΨ
into HΘ. We put C := C
∗
oCo. Then C is a bounded operator on HΨ with
0 ≤ C ≤ γI. One has,
〈CjΨ(ξ) |jΨ(η) 〉Ψ = 〈CojΨ(ξ) |CojΨ(η) 〉Θ = 〈jΘ(ξ) |jΘ(η) 〉Θ = Θ(ξ, η).

Let Ω be a sesquilinear form on D×D. We denote by M(Ω) the set of all
positive sesquilinear forms Ψ on D ×D such that
(3) |Ω(ξ, η)| ≤ Ψ(ξ, ξ)1/2Ψ(η, η)1/2, ∀ξ, η ∈ D.
Remark 3.2. It is worth remarking that if
(4) |Ω(ξ, ξ)| ≤ Ψ(ξ, ξ), ∀ξ ∈ D
then
|Ω(ξ, η)| ≤ ǫΩΨ(ξ, ξ)
1/2Ψ(η, η)1/2, ∀ξ, η ∈ D,
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where either ǫΩ = 1, if Ω is symmetric, or ǫΩ = 2, if Ω is not symmetric (see,
e.g. [8, Ch. VI, § 1.2, § 3.1]). Hence, M(Ω) can also be described as the set
of all positive forms Ψ for which the inequality (4) holds.
Definition 3.3. Let Θ be a positive sesquilinear form on D×D. A positive
sesquilinear form Ψ is said to be Θ-absolutely continuous if
(i) N(Θ) ⊆ N(Ψ);
(ii) The map jΘ(ξ) → jΨ(ξ), ξ ∈ D is a closable linear map of the pre-
Hilbert space jΘ(D) into the Hilbert space HΨ.
A (non necessarily positive) sesquilinear form Ω is said to be Θ-regular if
there exists Ψ ∈ M(Ω) such that Ψ is Θ-absolutely continuous.
Remark 3.4. If Ψ is a positive sesquilinear form, then Ψ ∈ M(Ψ) and if
Ψ is Θ-absolutely continuous, then it is Θ-regular. We point out that (i)
can be deduced from (ii), but since it constitutes a preliminary test for the
Θ-absolute continuity of a positive form Ψ, we prefer to keep them separate.
It is easily seen that the sum of Θ-regular forms is Θ-regular and so is the
positive scalar multiple of a Θ-regular form.
Example 3.5. Let T be a closed operator defined on a dense domain D(T )
of a Hilbert space H. Assume that D := D(T ) ∩D(T ∗) is dense in H. We
define a sesquilinear form ΩT on D ×D by putting
ΩT (ξ, η) = 〈Tξ |η 〉 , ξ, η ∈ D
Let T = UH be the polar decomposition of T with H = (T ∗T )1/2. Let us
define a positive sesquilinear form ΓT on D ×D by
ΓT (ξ, η) = 〈ξ |η 〉+ 〈Hξ |η 〉+ 〈HU
∗ξ |U∗η 〉 , ξ, η ∈ DT .
Then ΓT ∈ M(ΩT ). Indeed, by the generalized Cauchy-Schwarz inequality,
we have, for every ξ, η ∈ D,
|ΩT (ξ, η)| = | 〈Tξ |η 〉 | = | 〈UHξ |η 〉 | = | 〈Hξ |U
∗η 〉 |
≤ 〈Hξ |ξ 〉1/2 〈HU∗η |U∗η 〉1/2 ≤ ΓT (ξ, ξ)
1/2ΓT (η, η)
1/2.
Now we show that ΓT is Θ-absolutely continuous where Θ is the inner prod-
uct of H. Indeed, let {ξn} be a sequence in D such that ‖ξn‖ → 0 and
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ΓT (ξn − ξm, ξn − ξm)→ 0. This implies that
ΓT (ξn−ξm, ξn − ξm) = ‖ξn − ξm‖
2 + 〈H(ξn − ξm) |ξn − ξm 〉
+ 〈HU∗(ξn − ξm) |U
∗(ξn − ξm) 〉
= ‖ξn − ξm‖
2 + ‖H1/2(ξn − ξm)‖
2 + ‖H1/2U∗(ξn − ξm)‖
2 → 0.
Since H1/2 is closable in DT , we get ΓT (ξn, ξn)→ 0. Hence ΩT is Θ-regular,
in the sense of Definition 3.3.
As it is clear, this example gives a strong indication on conditions that a
sesquilinear form Ω must satisfy to be represented as Ω = ΩT . In fact, we
can now state the following Radon-Nikodym-like theorem.
Theorem 3.6. Let Ω, Θ be sesquilinear forms on D × D, with Θ positive.
The following statements are equivalent.
(i) Ω is Θ-regular.
(ii) There exists a positive self-adjoint operator H, with jΘ(D) ⊂ D(H),
and a linear operator Y : jΘ(D)→ D(H) such that
(5) Ω(ξ, η) = 〈HY jΘ(ξ) |HjΘ(η) 〉Θ , ∀ξ, η ∈ D
and the positive sesquilinear form Γ defined by
Γ(ξ, η) = 〈HjΘ(ξ) |HjΘ(η) 〉Θ + 〈HY jΘ(ξ) |HY jΘ(η) 〉Θ , ξ, η ∈ D
is Θ-absolutely continuous.
Proof. (i)⇒(ii): Let Ψ ∈M(Ω) satisfy the conditions (i) and (ii) of Definition
3.3. Clearly, Θ + Ψ dominates both Θ and Ψ. Then by Lemma 3.1 there
exists a positive self-adjoint operator C ∈ B(HΘ+Ψ), 0 ≤ C ≤ I, such that
Θ(ξ, η) = 〈CjΘ+Ψ(ξ) |jΘ+Ψ(η) 〉Θ+Ψ , ∀ξ, η ∈ D.
Put B := C1/2. Then, 0 ≤ B ≤ I and
(6) Θ(ξ, η) = 〈BjΘ+Ψ(ξ) |BjΘ+Ψ(η) 〉Θ+Ψ , ∀ξ, η ∈ D,
Since (Θ + Ψ)(ξ, η) = 〈jΘ+Ψ(ξ) |jΘ+Ψ(η) 〉Θ+Ψ, we also have
Ψ(ξ, η) = (Θ + Ψ)(ξ, η) −Θ(ξ, η) =
〈
(I −B2)jΘ+Ψ(ξ) |jΘ+Ψ(η)
〉
Θ+Ψ
.
By (6) an isometry U of HΘ into HΘ+Ψ can be defined by putting first
UjΘ(ξ) = BjΘ+Ψ(ξ), ξ ∈ D
and then extending it to HΘ.
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Set now
Sn =
∫ 1
1
n
t−1
√
1− t2 dE(t),
Kn = U
∗SnU, n ∈ N,
where B =
∫ 1
0 t dE(t) is the spectral resolution of B. Then it is not difficult
to show that {Kn} is an increasing sequence of positive operators. We have
(7) lim
n→∞
KnjΘ(ξ) exists in HΘ, ∀ ξ ∈ D
and
(8) Ψ(ξ, η) = lim
n→∞
〈KnjΘ(ξ) |KnjΘ(η) 〉Θ , ∀ ξ, η ∈ D.
Indeed, taking into account that since UU∗ is the projection onto the range
RanU of U and that RanU = RanB = (KerB)⊥, then UU∗ commutes with
B and with Sn, we have for m > n,
‖KnjΘ(ξ)−KmjΘ(ξ)‖
2
Θ
= ‖U∗SnUjΘ(ξ)− U
∗SmUjΘ(ξ)‖
2
Θ
= ‖UU∗SnUjΘ(ξ)− UU
∗SmUjΘ(ξ)‖
2
Θ+Ψ
= ‖SnBjΘ+Ψ(ξ)− SmBjΘ+Ψ(ξ)‖
2
Θ+Ψ
=
∫ 1/n
1/m
(1− t2) d 〈E(t)jΘ+Ψ(ξ) |jΘ+Ψ(ξ) 〉Θ+Ψ
≤ ‖(E(1/n) − E(1/m))jΘ+Ψ(ξ))‖
2
Θ+Ψ
→ 0, as n,m→∞.
Now we prove (8). We denote by PΘ+Ψ the projection of HΘ+Ψ onto KerB.
Then, for every ξ, η ∈ D, we get
lim
n→∞
〈KnjΘ(ξ) |KnjΘ(η) 〉Θ = limn→∞
〈U∗SnUjΘ(ξ) |U
∗SnUjΘ(η) 〉Θ(9)
= lim
n→∞
〈UU∗SnUjΘ(ξ) |SnUjΘ(η) 〉Θ+Ψ
= lim
n→∞
〈SnUjΘ(ξ) |SnUjΘ(η) 〉Θ+Ψ
= lim
n→∞
〈SnBjΘ+Ψ(ξ) |SnBjΘ+Ψ(η) 〉Θ+Ψ
= lim
n→∞
∫ 1
1/n
(1− t2)d 〈E(t)jΘ+Ψ(ξ) |jΘ+Ψ(η) 〉Θ+Ψ
=
〈
(I −B2)jΘ+Ψ(ξ) |jΘ+Ψ(η)
〉
Θ+Ψ
− 〈PΘ+ΨjΘ+Ψ(ξ) |jΘ+Ψ(η) 〉Θ+Ψ
= Ψ(ξ, η)− 〈PΘ+ΨjΘ+Ψ(ξ) |jΘ+Ψ(η) 〉Θ+Ψ .
Now we use the Θ-absolute continuity of Ψ. Let ξ ∈ D and consider
PΘ+ΨjΘ+Ψ(ξ). Let {ξn} be a sequence of vectors of D such that jΘ+Ψ(ξn)→
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PΘ+ΨjΘ+Ψ(ξ). Then we have
lim
n→∞
UjΘ(ξn) = lim
n→∞
BjΘ+Ψ(ξn) = BPΘ+ΨjΘ+Ψ(ξ) = 0,
so ‖jΘ(ξn)‖Θ → 0 and
‖jΨ(ξn)− jΨ(ξm)‖
2
Ψ
=
〈
(I −B2)jΘ+Ψ(ξn − ξm) |jΘ+Ψ(ξn − ξm)
〉
Θ+Ψ
→ 0
as n,m → +∞. By the closability of the map jΘ(ξ) → jΨ(ξ), ξ ∈ D it
follows that ‖jΨ(ξn)‖Ψ → 0. Hence,
〈PΘ+ΨjΘ+Ψ(ξ) |jΘ+Ψ(ξ)〉Θ+Ψ =
〈
(I −B2)PΘ+ΨjΘ+Ψ(ξ) |jΘ+Ψ(ξ)
〉
Θ+Ψ
= lim
n→∞
〈
(I −B2)jΘ+Ψ(ξn) |jΘ+Ψ(ξn)
〉
Θ+Ψ
= lim
n→∞
〈jΨ(ξn) |jΨ(ξn)〉Ψ = 0.
We put D(K0) = {ζ ∈ HΘ; limn→∞Knζ exists in HΘ},K0ζ = lim
n→∞
Knζ, ξ ∈ D(K0).
Then it follows from (7) and (8) that K0 is a positive operator in HΘ such
that D(K0) ⊃ jΘ(D). Its Friedrichs extension K is then a positive self-
adjoint operator satisfying the following conditions (k1) and (k2):
(k1) jΘ(D) ⊂ D(K);
(k2) Ψ(ξ, η) = 〈KjΘ(ξ) |KjΘ(η) 〉Θ , ∀ξ, η ∈ D.
The Θ-absolute continuity of Ψ implies that the map
(10) u : ξ˜ = lim
n→∞
jΘ+Ψ(ξn) ∈ HΘ+Ψ 7→ u(ξ˜) := lim
n→∞
jΘ(ξn) ∈ HΘ
is well-defined, injective, continuous and has dense range. Thus HΘ+Ψ can
be identified with a dense subspace of HΘ.
As for the inner product we have〈
ξ˜ |η˜
〉
Θ+Ψ
=
〈
u(ξ˜) |u(η˜)
〉
Θ
+
〈
Ku(ξ˜) |Ku(η˜)
〉
Θ
, ∀ξ˜, η˜ ∈ HΘ+Ψ.
Now define H = (I +K2)1/2. Then D(H) = D(K) and
(11)
〈
ξ˜ |η˜
〉
Θ+Ψ
=
〈
Hu(ξ˜) |Hu(η˜)
〉
Θ
, ∀ξ˜, η˜ ∈ HΘ+Ψ.
We set
Ω0(jΘ+Ψ(ξ), jΘ+Ψ(η)) := Ω(ξ, η), ξ, η ∈ D.
Then Ω0 is a well-defined sesquilinear form on jΘ+Ψ(D)× jΘ+Ψ(D).
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Then by (3) it follows that Ω0 is bounded on jΘ+Ψ(D) and thus it extends
to a bounded sesquilinear form Ω˜0 on HΘ+Ψ. Hence, there exists an operator
YΘ+Ψ, bounded on HΘ+Ψ, such that
Ω(ξ, η) = Ω˜0(jΘ+Ψ(ξ), jΘ+Ψ(η)) = 〈YΘ+ΨjΘ+Ψ(ξ) |jΘ+Ψ(η) 〉Θ+Ψ , ∀ξ, η ∈ D.
On the other hand, by (11), we have
〈YΘ+ΨjΘ+Ψ(ξ) |jΘ+Ψ(η) 〉Θ+Ψ = 〈Hu(YΘ+ΨjΘ+Ψ(ξ)) |Hu(jΘ+Ψ(η)) 〉Θ
(12)
= 〈Hu(YΘ+ΨjΘ+Ψ(ξ)) |HjΘ(η) 〉Θ , ∀ξ, η ∈ D.
Hence,
Ω(ξ, η) = 〈Hu(YΘ+ΨjΘ+Ψ(ξ)) |HjΘ(η) 〉Θ , ∀ξ, η ∈ D.
We now define an operator Y from jΘ(D) into HΘ by putting Y jΘ(ξ) =
u(YΘ+ΨjΘ+Ψ(ξ)). The Θ-absolute continuity of Ψ implies that Y is well-
defined. Thus finally we have
(13) Ω(ξ, η) = 〈HY jΘ(ξ)) |HjΘ(η) 〉Θ , ∀ξ, η ∈ D.
We now prove that Γ is Θ-absolutely continuous. We first observe that using
(11), the following inequality can be proven:
‖Y jΘ(ξ)‖Θ = ‖u(YΘ+ΨjΘ+Ψ(ξ)‖Θ(14)
≤ γ‖YΘ+ΨjΘ+Ψ(ξ)‖Θ+Ψ = γ‖HY jΘ(ξ)‖Θ, ∀ξ ∈ D.
Let {ξn} be a sequence in D such that
‖jΘ(ξn)‖Θ → 0, , as n→∞, and
‖HjΘ(ξn − ξm)‖
2
Θ
+ ‖HY jΘ(ξn − ξm)‖
2
Θ
→ 0, as n,m→∞.
The closedness ofH implies that ‖HjΘ(ξn)‖Θ → 0. But, by (11), ‖HjΘ(ξn)‖Θ =
‖jΘ+Ψ(ξn)‖Θ+Ψ → 0 and thus, by the boundedness of YΘ+Ψ in HΘ+Ψ we con-
clude that ‖YΘ+ΨjΘ+Ψ(ξn)‖Θ+Ψ → 0. On the other hand, since
‖Y jΘ(ξn − ξm)‖Θ ≤ γ‖HY jΘ(ξn − ξm)‖Θ → 0,
the sequence {Y jΘ(ξn)} converges to some vector ζ ∈ HΘ and, again by
the closedness of H, we have ζ ∈ D(H) and HY jΘ(ξn)→ Hζ. By (14), we
obtain ζ = 0. Using again the closedness ofH we finally get ‖HY jΘ(ξn)‖Θ →
0. Hence Γ is Θ-absolutely continuous. The implication (ii)⇒(i) is obvious
once one takes Ψ = Γ. 
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Remark 3.7. The operators H,Y which appear in the representation (5)
of Ω depend, clearly, on the choice of the Θ-absolutely continuous form
Ψ ∈ M(Ω) (if any, of course). They are not even uniquely determined for
a fixed Ψ ∈ M(Ω), but Y , depending only on the inner product defined by
Ψ, is unique. It is worth remarking that following [8, Ch. VI, Lemma 3.1]
and under the same assumptions of Theorem 3.6, it can be shown that there
exists a bounded operator S in HΘ such that
Ω(ξ, η) = 〈SHjΘ(ξ) |HjΘ(η) 〉Θ , ∀ξ, η ∈ D.
The values of the operator S can be, however, arbitrarily chosen on the
subspace (RanH)⊥ of HΘ; so that, even for fixed Ψ and H, the uniqueness
of the representation is lost.
In [16] Sebestye´n and Titkos gave a Radon-Nikodym type theorem for
positive sesquilinear form Ψ on D×D, with Ψ almost dominated by Θ; this
means that there exists a nondecreasing sequence Ψn such that Θ dominates
every Ψn, n ∈ N, and Ψ = supn∈NΨn. Along the previous proof we have
explicitly constructed this sequence. Actually, the following statement holds
(see also [7, Theorem 3.8]).
Corollary 3.8. Let Θ and Ψ be positive sesquilinear forms on D×D. The
following statements are equivalent.
(i) Ψ is Θ-absolutely continuous.
(ii) Ψ is almost dominated by Θ.
Proof. (i)⇒(ii): Set
Ψn(ξ, η) := 〈KnjΘ(ξ) |KnjΘ(η) 〉Θ , ∀ ξ, η ∈ D,
where the Kn
′s are the bounded operators in HΘ defined in the proof of
(i)⇒(ii) of Theorem 3.6. Then it is easily seen that the nondecreasing se-
quence {Ψn} consists of Θ-dominated forms and, as shown in the same proof,
Ψ = supn∈NΨn. Hence Ψ is almost dominated by Θ.
(ii)⇒(i): This follows from [7, Theorem 3.8] and Theorem 3.6. 
4. Lebesgue-like decomposition
At this point of our discussion it is natural to pose the question as to
whether a Lebesgue-like decomposition holds for a sesquilinear form Ω for
whichM(Ω) is nonempty. Before considering this question we need to precise
the notion of singular form.
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Definition 4.1. Let Θ, Ω be sesquilinear forms on D×D, with Θ positive.
We say that Ω is Θ-singular if, for every ξ ∈ D, there exists a sequence {ξn}
in D such that
lim
n→∞
Θ(ξn, ξn) = 0 and lim
n→∞
Ω(ξn − ξ, ξn − ξ) = 0.
The previous definition in the case of positive sesquilinar forms coincides
with the traditional one.
Proposition 4.2. Let Ψ, Θ be two positive sesquilinear forms on D × D.
Then the following assertions are equivalent:
(i) Ψ is Θ-singular;
(ii)If σ is a positive sesquilinear form with σ ≤ Ψ and σ ≤ Θ, then σ = 0.
The previous proposition shows the symmetry of the notion of singularity
for positive sesquilinear forms (by exchanging the roles of Θ and Ψ) which
is lost if one of them is not necessarily positive.
The following Theorem 4.3 gives a variant of the Lebesgue decomposition
theorem.
Theorem 4.3. Let Θ, Ω be sesquilinear forms on D × D, with Θ positive.
If M(Ω) is nonempty, then Ω can be decomposed into
Ω = Ωr +Ωs
where Ωr is Θ-regular and Ωs is Θ-singular.
Proof. We choose Ψ ∈ M(Ω) and follow essentially the proof of Theorem
3.6. The construction of the sequence {Kn} does not depend in fact on
the Θ-absolute continuity of Ω required there. Hence from (9) we get the
representation
Ψ(ξ, η) = 〈KjΘ(ξ) |KjΘ(η) 〉Θ + 〈PΘ+ΨjΘ+Ψ(ξ) |jΘ+Ψ(η) 〉Θ+Ψ ,
which already proves the statement for a positive sesquilinear form Ψ, once
one proves that the second term of the right hand side of the previous
equation is a singular form (this will be done later). The kernel of the map
u defined in (10), if Ω is not Θ-regular, coincides with the kernel of the
operator B defined in (6). Hence (11) becomes〈
ξ˜ |η˜
〉
Θ+Ψ
=
〈
Hu(ξ˜) |Hu(η˜)
〉
Θ
+
〈
PΘ+Ψξ˜ |PΘ+Ψη˜
〉
Θ+Ψ
, ∀ξ˜, η˜ ∈ HΘ+Ψ.
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Thus (13) reads as follows
Ω(ξ, η) = 〈Hu(YΘ+ΨjΘ+Ψ(ξ)) |HjΘ(η) 〉Θ
+ 〈PΘ+ΨYΘ+ΨjΘ+Ψ(ξ) |PΘ+ΨjΘ+Ψ(η) 〉Θ+Ψ , ∀ξ, η ∈ D.
We now define an operator Z from jΘ(D) into HΘ by putting ZjΘ(ξ) =
u(YΘ+Ψ(I − PΘ+Ψ)jΘ+Ψ(ξ)). Since jΘ(ξ) = 0 if and only if jΘ+Ψ(ξ) ∈ KerB,
Z is well-defined. Now we define, for every ξ, η ∈ D,
Ωr(ξ, η) = 〈HZjΘ(ξ)) |HjΘ(η) 〉Θ ;(15)
Ωs(ξ, η) = 〈Hu(YΘ+ΨPΘ+ΨjΘ+Ψ(ξ)) |HjΘ(η) 〉Θ(16)
+ 〈PΘ+ΨYΘ+ΨjΘ+Ψ(ξ) |PΘ+ΨjΘ+Ψ(η) 〉Θ+Ψ .
It is clear that Ω = Ωr + Ωs. It remains to prove that Ωr and Ωs have the
desired properties. The Θ-regularity of Ωr can be proved in the very same
way of the corresponding proof for Ω at the end of the proof of Theorem 3.6
and we omit the details. As for Ωs, let ξ ∈ D and {ξn} a sequence in D such
that jΘ+Ψ(ξn) → PΘ+ΨjΘ+Ψ(ξ). Then, as in Theorem 3.6, ‖jΘ(ξn)‖Θ → 0.
Then we have
‖Hu(YΘ+ΨPΘ+ΨjΘ+Ψ(ξ − ξn))‖
2
Θ
= ‖YΘ+ΨPΘ+ΨjΘ+Ψ(ξ − ξn)‖
2
Θ+Ψ
− ‖PΘ+ΨYΘ+ΨPΘ+ΨjΘ+Ψ(ξ − ξn)‖
2
Θ+Ψ
and both terms of the right hand side tend to 0, by the boundedness of YΘ+Ψ
and by the definition of {ξn}.
Moreover
‖HjΘ(ξ − ξn)‖
2
Θ
= ‖jΘ+Ψ(ξ − ξn)‖
2
Θ+Ψ
− ‖PΘ+ΨjΘ+Ψ(ξ − ξn)‖
2
Θ+Ψ
→ ‖jΘ+Ψ(ξ)− PΘ+ΨjΘ+Ψ(ξ)‖
2
Θ+Ψ
.
A simple application of the Cauchy-Schwarz inequality shows then that
〈Hu(YΘ+ΨPΘ+ΨjΘ+Ψ(ξ − ξn)) |HjΘ(ξ − ξn)〉Θ → 0.
Finally, since
PΘ+ΨYΘ+ΨjΘ+Ψ(ξ − ξn)→ PΘ+ΨYΘ+Ψ(I − PΘ+Ψ)jΘ+Ψ(ξ)
and
PΘ+ΨjΘ+Ψ(ξ − ξn)→ 0,
we conclude that
〈PΘ+ΨYΘ+ΨjΘ+Ψ(ξ − ξn) |PΘ+ΨjΘ+Ψ(ξ − ξn) 〉Θ+Ψ → 0.
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So that
lim
n→∞
Ωs(ξ − ξn, ξ − ξn) = 0;
that is, Ωs is Θ-singular. 
Remark 4.4. As in the case of positive sesquilinear forms (see the discussion
in [7, Section 4] and also [16]), the Lebesgue-like decomposition is not unique.
As a consequence of the previous theorem we find, clearly, the results
obtained in [7, Theorem 2.11; Proposition 3.7]. For the sake of completeness
we show explicitly (see also [18, Theorem 2.2]) how they can be recovered
using the techniques developed in this paper.
Corollary 4.5. Let Θ, Ψ be positive sesquilinear forms on D×D. Then Ψ
can be decomposed into
Ψ = Ψa +Ψs
where Ψa is Θ-absolutely continuous and Ψs is Θ-singular.
Moreover, if Φ is Θ-absolutely continuous and Φ ≤ Ψ, then Φ ≤ Ψa.
Proof. Following the same construction made in the proof of Theorem 3.6
we define
Ψa(ξ, η) = lim
n→+∞
〈KnjΘ(ξ) |KnjΘ(η) 〉Θ
Ψs(ξ, η) = 〈PΘ+ΨjΘ+Ψ(ξ) |jΘ+Ψ(η) 〉Θ+Ψ , ξ, η ∈ D.
Then Ψa and Ψs verify the assertion.
In order to prove the second statement, let us consider the operator B
constructed in the proof of Theorem 3.6. We keep the notations introduced
there; in particular, we denote by PΘ+Ψ the projection onto KerB. Let
IΨ,Φ : HΘ+Ψ →HΘ+Φ be the linear map defined first by
IΨ,Φ : jΘ+Ψ(ξ) 7→ jΘ+Φ(ξ), ξ ∈ D.
Then IΨ,Φ is well-defined and contractive and extends to HΘ+Ψ (we denote
this extension by the same symbol). Now, the Θ-absolute continuity of Φ
implies that Ker IΨ,Φ = KerB. The inclusion Ker IΨ,Φ ⊆ KerB is obvious.
Suppose that ζ ∈ KerB; ζ = limn→∞ jΘ+Ψ(ξn), for some sequence {ξn} ⊂ D,
and Bζ = limn→∞BjΘ+Ψ(ξn) = 0. Then, Θ(ξn, ξn)→ 0. Now, since IΨ,Φζ =
limn→∞ IΨ,ΦjΘ+Ψ(ξn) = limn→∞ jΘ+Φ(ξn), necessarily Φ(ξn− ξm, ξn− ξm)→
0. By the Θ-absolute continuity of Φ, it follows that Φ(ξn, ξn) → 0. Hence
IΨ,Φζ = 0.
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Then, we have
(Θ + Φ)(ξ, ξ) = ‖jΘ+Φ(ξ)‖
2
Θ+Φ
= ‖IΨ,ΦjΘ+Ψ(ξ)‖
2
Θ+Φ
= ‖IΨ,Φ(I − PΘ+Ψ)jΘ+Ψ(ξ)‖
2
Θ+Φ
≤ ‖(I − PΘ+Ψ)jΘ+Ψ(ξ)‖
2
Θ+Ψ
= ‖jΘ+Ψ(ξ)‖
2
Θ+Ψ
− 〈PΘ+ΨjΘ+Ψ(ξ) |jΘ+Ψ(ξ) 〉Θ+Ψ
= (Θ +Ψ)(ξ, ξ)−Ψs(ξ, ξ) = (Θ + Ψa)(ξ, ξ).
Thus Φ ≤ Ψa. 
Remark 4.6. The previous statements apply in particular when D is a
pre-Hilbert space with inner product 〈· |· 〉, if we take Θ to be exactly equal
to the inner product of D. Let H be the norm-completion of D. Then it is
easy to check that a positive sesquilinear form Ψ on D×D is 〈· |· 〉-absolutely
continuous if, and only if Ψ is closable in H. Then the results of Theorem
3.6 ( or, better, of Corollary 4.5) and Theorem 4.3 (or, better, of Corollary
4.5) reduce to the statements proved by Simon in [18] on the decomposition
of closed (or closable) sesquilinear forms in H.
Remark 4.7. Let Θ be a positive sesquilinear form on D×D. With obvious
modification of current definitions, we say that a symmetric sesquilinear form
Ω is Θ-bounded from below if there exists c ∈ R such that
cΘ(ξ, ξ) ≤ Ω(ξ, ξ), ∀ξ ∈ D.
Clearly, if Ω is Θ-bounded from below, then Ω−cΘ is positive. Similarly,
we call a sesquilinear form Ω on D×D, Θ-sectorial if there exist δ ∈ R and
γ > 0 such that
ReΩ(ξ, ξ) ≥ δΘ(ξ, ξ), ∀ξ ∈ D;(17)
|ImΩ(ξ, ξ)| ≤ γ(ReΩ(ξ, ξ)− δΘ(ξ, ξ)), ∀ξ ∈ D.
From the definition itself it follows that
|(Ω−δΘ)(ξ, η)| ≤ (1+γ)((ReΩ−δΘ)(ξ, ξ))1/2(ReΩ−δΘ)(η, η))1/2, ∀ξ, η ∈ D;
this clearly means that (1 + γ)(ReΩ− δΘ) ∈ M(Ω).
For Θ-sectorial forms, the foregoing results produce the following charac-
terization whose easy proof will be omitted.
Proposition 4.8. Let Ω be Θ-sectorial. The following statements are equiv-
alent.
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(i) The positive sesquilinear form ReΩ−δΘ is Θ-absolutely continuous.
(ii) For every sequence {ξn} in D such that
Θ(ξn, ξn)→ 0 and ReΩ(ξn − ξm, ξn − ξm)→ 0,
ReΩ(ξn, ξn)→ 0 results.
(iii) Ω is Θ-regular.
Remark 4.9. If D is a pre-Hilbert space and Θ(·, ·) = 〈· |· 〉 we simply call
sectorial a 〈· |· 〉-sectorial form. In this case condition (ii) of the previous
Proposition, simply says that ReΩ is closable; this means that Ω is closable
in the sense of [8].
If Ω is a Θ-regular sesquilinear form on D × D, taking into account the
representation
Ω(ξ, η) = 〈HY jΘ(ξ) |HjΘ(η) 〉Θ , ∀ξ, η ∈ D,
established in Theorem 3.6, it is natural to pose the question as to whether
Ω can also be represented as
(18) Ω(ξ, η) = 〈TjΘ(ξ) |jΘ(η) 〉Θ
at least when ξ, η run onto a sufficiently large subspace of D. Let us define
the following subspace of D
DΩ := {ξ ∈ D : HY jΘ(ξ) ∈ D(H)}.
Then it is clear that the operator T := H2Y is well defined on DΩ and (18)
holds, for every ξ, η ∈ DΩ. Nevertheless, DΩ can be very poor and since no
topology is given to D, the possibility of controlling the size of DΩ seems
to be hopeless. For this reason, we will confine this analysis (Section 5) by
considering D as a dense subspace of a Hilbert space H, with inner product
〈· |· 〉 and we choose Θ(·, ·) = 〈· |· 〉.
5. Solvable forms in Hilbert space
In what follows we need the notion of Banach-Gelfand triplet which we
recall for reader’s convenience. Let H be a Hilbert space (with inner product
〈· |· 〉 and norm ‖·‖). Let E be a dense subspace of H which is a Banach space
with respect to a norm ‖·‖E defining on E a topology finer than that induced
by the norm of H. In this case, H can be continuously embedded into the
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conjugate Banach dual space E×. We get in this way the Banach-Gelfand
triplet (a special kind of rigged Hilbert space)
(19) E [‖ · ‖E ] →֒ H[‖ · ‖] →֒ E
×[‖ · ‖E× ],
where ‖ · ‖E× denotes the usual norm of E
×. If E [‖ · ‖E ] is a reflexive Banach
space, then the embedding of H into E×[‖ · ‖E× has dense range.
If E and F are Banach spaces, we will use the notation B(E ,F) for the
vector space of all bounded operators from E into F . If E = F we put
B(E) = B(E , E).
If E is reflexive and X ∈ B(E , E×) then, the operator X† (the adjoint of
X), defined by 〈
X†ξ |η
〉
= 〈Xη |ξ 〉, ξ, η ∈ D,
is also a member of B(E , E×).
Definition 5.1. Let Θ be a positive sesquilinear form on D × D. We say
that a norm ‖ · ‖ on D is compatible with Θ (Θ-compatible, for short) if the
following two conditions are fulfilled:
(s.1) Θ(ξ, ξ) ≤ ‖ξ‖2, ∀ξ ∈ D;
(s.2) If {ξn} is a sequence in D such that Θ(ξn, ξn)→ 0 and ‖ξn−ξm‖ → 0,
then ‖ξn‖ → 0.
If Θ possesses a compatible norm, then, clearly, N(Θ) = {0}. Let us
denote by E the Banach space completion of D[‖ · ‖]. Taking into account
(s.1) and (s.2), it turns out that E can be identified with a dense subspace
D(Θ) of HΘ and so we can construct a Banach-Gelfand triplet
(20) E →֒ HΘ →֒ E
×
in standard way; as usual E× denotes the conjugate dual of E . The dual
norm of E× will be denoted by ‖ · ‖×. We will assume that the form which
puts E and E× in duality is an extension of the inner product of HΘ. So
that, if Λ ∈ E× and ξˆ ∈ E we may also write Λ(ξˆ) =
〈
Λ
∣∣∣ξˆ〉
Θ
, for indicating
the value that the conjugate linear functional Λ takes at ξˆ. This assumption
also implies that the embedding HΘ →֒ E
× can be thought simply as an
inclusion.
As announced before, from now on we assume that Θ(·, ·) = 〈· |· 〉 the inner
product of a Hilbert space H and omit any reference to Θ in the notations.
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Definition 5.2. Let H be a Hilbert space, with inner product 〈· |· 〉 and
norm ‖ · ‖, and Ω a sesquilinear form on D×D with D dense in H. We say
that Ω is q-closable if there exists a norm ‖ · ‖Ω on D, compatible with 〈· |· 〉
with the following properties:
(cl.1) ‖ξ‖ ≤ ‖ξ‖Ω, ∀ξ ∈ D;
(cl.2) the completion EΩ of D[‖ · ‖Ω] is a reflexive Banach space.
(cl.3) there exists β > 0 such that |Ω(ξ, η)| ≤ β‖ξ‖Ω‖η‖Ω, ∀ξ, η ∈ D.
The form Ω is q-closed if D[‖ · ‖Ω] is a reflexive Banach space.
To every q-closable sesquilinear form it is, therefore, canonically associ-
ated a Banach-Gelfand triplet
(21) EΩ →֒ H →֒ E
×
Ω
as described above.
For convenience we put ι(ξ, η) = 〈ξ |η 〉 if we need to denote the inner
product as a sesquilinear form.
Proposition 5.3. Every q-closable sesquilinear form Ω has a q-closed ex-
tension Ω in H.
Proof. The assumption implies that EΩ can be identified with a subspace
D(Ω) of H and, by ( cl.3), Ω is bounded in D[‖ · ‖Ω]; thus it extends to
D(Ω). 
Example 5.4. Every densely defined ι-regular sesquilinear form Ω is q-
closable. Indeed, if Ψ ∈ M(Ω) is ι-absolutely continuous, then one can
choose, for instance, ‖ξ‖Ω = (‖ξ‖
2+‖ξ‖2
Ψ
)1/2 and verify easily the conditions
of Definition 5.2.
From now on, we confine ourselves to consider q-closed sesquilinear forms
on D ×D.
Definition 5.5. Let Ω be a q-closed sesquilinear form defined on D × D,
with D a dense subspace of the Hilbert space H. We say that Ω is solvable
if there exists a sesquilinear form Υ, bounded in H, such that
(a.1) N(Ω + Υ) = {0}
(a.2) For every Λ ∈ E×Ω there exists ξ ∈ EΩ such that
〈Λ |η 〉 = (Ω + Υ)(ξ, η), ∀η ∈ EΩ.
The set of all bounded Υ’s satisfying these conditions is denoted by P(Ω).
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Let Ω be a q-closed sesquilinear form, Υ a bounded sesquilinear form on
H×H and ΩΥ := Ω + Υ. If ξ ∈ D, we define a conjugate linear functional
ΩξΥ on EΩ by 〈
ΩξΥ |η
〉
= Ω(ξ, η) + Υ(ξ, η).
Then, ΩξΥ is bounded and so Ω
ξ
Υ ∈ E
×
Ω .
Let XΥ : EΩ → E
×
Ω be the linear map on EΩ defined by XΥξ = Ω
ξ
Υ. Then,
XΥ ∈ B(EΩ, E
×
Ω ) and the following lemma holds.
Lemma 5.6. The following statements are equivalent.
(i) Υ ∈ P(Ω).
(ii) XΥ is a bijection of EΩ onto E
×
Ω .
(iii) XΥ has a bounded inverse X
−1
Υ : E
×
Ω → EΩ.
Using Lemma 5.6 and James’ theorem [12, Sec. 1.13] one can prove the
following
Proposition 5.7. Let Ω be a q-closed sesquilinear form and Υ a bounded
sesquilinear form on H×H. The following statements are equivalent.
(i) Υ ∈ P(Ω).
(ii) There exist c1, c2, c
′
1, c
′
2 > 0 such that
(ii.a) for every ξ ∈ EΩ there exists η¯ ∈ EΩ such that
c1‖ξ‖Ω ≤ |(Ω + Υ)(ξ, η¯)| ≤ c2‖ξ‖Ω;
(ii.b) for every η ∈ EΩ there exists ξ¯ ∈ EΩ such that
c′1‖η‖Ω ≤ |(Ω + Υ)(ξ¯, η)| ≤ c
′
2‖η‖Ω.
Example 5.8. We show that every closed sectorial form, with domain D
in Hilbert space H, is solvable. Following Remark 4.7, we define ‖ξ‖Ω =
(‖ξ‖2 +ReΩ(ξ, ξ) − δ‖ξ‖2)1/2, ξ ∈ D, and set HΩ = D[‖ · ‖Ω]. In this case
the triplet (21) consists of Hilbert spaces HΩ →֒ H →֒ H
×
Ω .
Let λ ∈ C and suppose ξ ∈ N(Ω − λι). Then Ω(ξ, ξ) = λ‖ξ‖2. Hence,
‖ξ‖Ω = (Reλ‖ξ‖
2 − δ‖ξ‖2 + ‖ξ‖2)1/2. Thus, if Reλ ≤ δ − 1, we necessarily
have ‖ξ‖Ω = 0.
For shortness, we put Ωλ := Ω−λι. Then, if Reλ ≤ δ−1, Ωλ is bounded
and coercive. Indeed,
ReΩλ(ξ, ξ) = ReΩ(ξ, ξ)−Reλ‖ξ‖
2 = ‖ξ‖2
Ω
+ (δ − 1−Reλ)‖ξ‖2 ≥ ‖ξ‖2
Ω
.
Hence, by the Lax-Milgram theorem, if Λ ∈ H×Ω , there exists ξ ∈ HΩ such
that
〈Λ |η 〉 = Ωλ(ξ, η), ∀η ∈ HΩ.
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Now we prove the following result.
Theorem 5.9. Let Ω be a q-closed solvable sesquilinear form defined on
D × D, with D a dense domain in Hilbert space H. Then, there exists a
closed operator T with domain D(T ) ⊂ D, dense in H, such that
Ω(ξ, η) = 〈Tξ |η 〉 , ∀ξ ∈ D(T ), η ∈ EΩ.
In particular, if the sesquilinear form Υ of Definition 5.5 has the form Υ =
−λι, with λ ∈ C, then λ ∈ ̺(T ), the resolvent set of T .
Proof. Let Υ ∈ P(Ω) and XΥ ∈ B(EΩ, E
×
Ω ) be defined as above.
By Lemma 5.6, XΥ has a bounded inverse X
−1
Υ . Put D(S) = {ξ ∈ EΩ :
XΥξ ∈ H}. Then D(S) is dense in H. Indeed, taking into account that
EΩ is dense in H, it suffices to show that D(S) is dense in EΩ[‖ · ‖Ω]. Since
H is dense in E×Ω , then, for every f ∈ EΩ there exists {gn} ⊂ H with
‖gn −XΥf‖
×
Ω → 0; since X
−1
Υ is bounded, it follows that
D(S) ∋ X−1
Υ
gn
‖·‖Ω
→ f,
which proves the statement.
Define Sξ = XΥξ, for ξ ∈ D(S). It is clear that
〈Sξ |η 〉 = 〈XΥξ |η 〉 = ΩΥ(ξ, η), ∀ξ ∈ D(S), η ∈ EΩ.
Now we want to prove that S is closed in H. Since XΥ ∈ B(EΩ, E
×
Ω ), it has
an adjoint X†Υ ∈ B(EΩ, E
×
Ω ). Moreover, as it is easy to see, D(S
∗) = {η ∈
EΩ : X
†
Υη ∈ H}. Hence, X
†
Υ ↾D(S∗)= S
∗.
Since X†Υ is invertible, with bounded inverse, in similar way to what done
for D(S) one can prove that D(S∗) is dense. By a symmetry argument we
can prove that (S∗)∗ = S. Hence S is closed. The proof is complete if we
define T by putting D(T ) = D(S) and T = S − B, where B is the unique
bounded operator in H such that Υ(ξ, η) = 〈Bξ |η 〉 ,∀ξ, η ∈ H.
The second statement can be proved as follows.
Let Υ = −λι ∈ P(Ω), λ ∈ C. Then, as seen before, S−1 is the restriction
to H of X−1Υ . Now recall that X
−1
Υ is continuous from E
×
Ω to EΩ, i.e., there
exists β > 0 such that
‖X−1
Υ
Λ‖Ω ≤ β‖Λ‖Ω× , ∀Λ ∈ E
×
Ω
.
Then comparing the topologies, we conclude that there exists β′ > 0 such
that
‖S−1f‖H ≤ β
′‖f‖H, ∀f ∈ H
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and so λ ∈ ̺(T ). 
The closed operator T which represents Ω is not unique, in general.
Remark 5.10. We point out that the proof of Theorem 5.9 does not strictly
require that Ω is q-closed in D. In fact, if Ω is only q-closable, we can
replace Ω with Ω and D with D(Ω) and only small technical modifications
are needed in the proof. But, of course, the domain D(T ) of the operator T
whose existence is claimed in that theorem will be a subspace of D(Ω) and
thus it might have a very small intersection with the initial domain D.
5.1. Solvability and numerical range. It is of course of particular inter-
est the case where P(Ω) contains scalars, i.e., for some λ ∈ C, −λι ∈ P(Ω).
For examining this situation, it is convenient to consider the numerical
range nΩ of Ω, i.e., the set nΩ = {Ω(ξ, ξ); ξ ∈ D, ‖ξ‖ = 1}.
Theorem 5.11. Let Ω be a q-closed sesquilinear form on D × D. Assume
that the norm ‖ · ‖Ω which makes D into a reflexive Banach space E [‖ · ‖Ω]
satisfies the following condition
(qc) If {ξn} is a sequence in D such that ‖ξn‖ → 0 and lim
n→∞
|Ω(ξn, ξn)| =
0, then ‖ξn‖Ω → 0.
If λ 6∈ nΩ, then −λι ∈ P(Ω).
Proof. If −λι 6∈ P(Ω), then either N(Ω−λι) 6= {0} or (a.2) of Definition 5.5
is not satisfied. If N(Ω − λι) 6= {0}, then there exists ξ ∈ D, with ‖ξ‖ = 1,
such that Ω(ξ, η) − λ 〈ξ |η 〉 = 0, for every η ∈ D. Then, in particular
Ω(ξ, ξ) = λ. Hence, λ ∈ nΩ.
Now assume that −λι 6∈ P(Ω) and N(Ω − λι) = {0}. Then Xλ := X−λι
has an inverse which is not everywhere defined in E×Ω . If the range Ran (Xλ)
of Xλ is dense then X
−1
λ is necessarily unbounded. Then there exists a
sequence {ξn} ⊂ EΩ such that ‖Ω
ξn
λ ‖
×
Ω = 1, for every n ∈ N and ‖ξn‖Ω →∞,
as n→∞. Thus, the sequence {τn} defined by
τn :=
Ωξnλ
‖ξn‖Ω
converges to 0 in E×Ω and ‖X
−1
λ τn‖Ω = 1, for every n ∈ N. Put ϕn = X
−1
λ τn,
for every n ∈ N. Then, Ωϕnλ = Xλϕn = τn =
Ωξn
λ
‖ξn‖Ω
→ 0, as n→∞.
Since ‖ϕn‖Ω = 1, for every n ∈ N, we get
(22)
|Ω(ϕn, ϕn)− λ 〈ϕn |ϕn 〉 | ≤ sup
‖η‖Ω≤1
∣∣〈Ωϕnλ |η 〉∣∣ = ‖Ωϕnλ ‖×Ω → 0, as n→∞.
SOME REPRESENTATION THEOREMS 21
Let us put ψn = ϕn/‖ϕn‖. Then,
‖ϕn‖
2|Ω(ψn, ψn)− λ| → 0 as n→∞.
The condition (qc) implies that infn∈N ‖ϕn‖ > 0. Indeed, were infn∈N ‖ϕn‖ =
0, then, since ‖ϕn‖ > 0 for every n ∈ N, there would be a subsequence {ϕnk}
converging to 0. Then, by (22), limk→∞ |Ω(ϕnk , ϕnk)| = 0. Thus, by (qc)
‖ϕnk‖Ω → 0, a contradiction. This, in turn, implies that |Ω(ψn, ψn)− λ| →
0, as n→∞. Hence, λ ∈ nΩ.
Finally, if the range Ran (Xλ) is not dense, by the reflexivity of the Banach
space EΩ, there exists η ∈ EΩ, such that 〈Xλξ |η 〉 = 0, for every ξ ∈ EΩ.
Clearly we may suppose ‖η‖ = 1. Then, we have
Ω(η, η) − λ = 〈Xλη |η 〉 = 0.
Thus λ ∈ nΩ. 
Example 5.12. The condition (qc) is obviously satisfied by a closed sectorial
form, with ‖ · ‖Ω = (ReΩ(·, ·) + (1− δ)‖ · ‖
2)1/2, where δ is the lower bound
of ReΩ.
6. Examples
We collect in this section some examples illustrating the ideas developed
in this paper.
Example 6.1. Let ω denote the space of all complex sequences and ωF the
subspace of ω consisting of the sequences with a finite number of nonzero
components. For {an}, {bn} ∈ ωF , we take as Θ the restriction to ωF × ωF
of the usual inner product ι of ℓ2 and
Ω({an}, {bn}) =
∞∑
n=1
λnanbn,
with {λn} ∈ ω. Then Ω is a sesquilinear form on ωF × ωF . If we put
Ψ({an}, {bn}) =
∞∑
n=1
|λn|anbn, {an}, {bn} ∈ ωF
then,
|Ω({an}, {an})| ≤ Ψ({an}, {an}), ∀{an} ∈ ωF .
Hence M(Ω) is nonempty.
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The form Ψ is closable, since it is the restriction to ωF ×ωF of the closed
form
Ψ˜({an}, {bn}) =
∞∑
n=1
|λn|anbn,
defined on the domain
D(Ψ˜) =
{
{an} ∈ ℓ
2 :
∞∑
n=1
|λn||an|
2 <∞
}
.
It follows that Ψ is Θ-absolutely continuous and Ω is Θ-regular. Let H
be operator defined on D(H) := D(Ψ˜) by H{an} = {
√
|λn| an} and Y the
operator defined on ωF by Y {an} = {e
iφnan} where φn ∈ argλn. Then it is
immediate to see that
Ω({an}, {bn}) = 〈HY {an} |H{bn}〉 .
But is is also evident that Ω can also be represented as
Ω({an}, {bn}) = 〈T{an} |{bn}〉 ,
where T is the closed operator defined as follows
{
D(T ) =
{
{an} ∈ ℓ
2 :
∑∞
n=1 |λn|
2|an|
2 <∞
}
T{an} = {λnan}
.
If, for instance, λn = ne
in, the corresponding form Ω is neither bounded
nor sectorial.
Now we show that the sesquilinear form Ω˜, with domain D(Ψ˜), defined
by
Ω˜({an}, {bn}) =
∞∑
n=1
λnanbn, {an}, {bn} ∈ D(Ψ˜)
satisfies, for Υ = −λι, with λ 6∈ {λn;n ∈ N}, the condition (ii) of Definition
5.5, with the choice ‖ · ‖Ω = (‖ · ‖
2
2 + Ψ˜(·, ·))
1/2, where ‖ · ‖2 denotes the
ℓ2-norm. The proof of (i) is in fact very simple.
Since Ψ˜ is closed, D(Ψ˜)[‖ · ‖Ω] is a Hilbert space. If Λ ∈ D(Ψ˜)
×, then by
Riesz’s lemma, there exists sequence {an} ∈ D(Ψ˜) such that
〈Λ |{bn}〉 =
∞∑
n=1
anbn +
∞∑
n=1
|λn| anbn, ∀{bn} ∈ D(Ψ˜).
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Let us consider the sequence {cn}, with cn =
1+|λn|
λn−λ
an. Then {cn} ∈ D(Ψ˜)
and
(Ω− λι)({cn}, {bn}) =
∞∑
n=1
(1 + |λn|)anbn = 〈Λ |{bn}〉 , ∀{bn} ∈ D(Ψ˜).
Example 6.2. Let X be a set, M a σ-algebra of subsets of X, and θ a
positive measure onM. We denote by D the linear span of the characteristic
functions of θ-measurable subsets of X and define
Θ(f, g) =
∫
X
f(x)g(x)dθ(x), f, g ∈ D.
Let us now consider a complex measure ω on M. Then, as is known [14,
Theorem 6.4], ω is a finite measure on X and its total variation |ω| is a
positive measure. We define a sesquilinear form Ω on D by
Ω(f, g) =
∫
X
f(x)g(x)dω(x), f, g ∈ D.
One can easily prove that, for every f, g ∈ D,∣∣∣∣∫
X
f(x)g(x)dω(x)
∣∣∣∣ ≤ (∫
X
|f(x)|d|ω|(x)
)1/2(∫
X
|g(x)|d|ω|(x)
)1/2
.
If |ω| is absolutely continuous with respect to θ, then the sesquilinear form
|Ω| defined on D×D is Θ-absolutely continuous [7, Lemma 5.1] and, there-
fore, Ω is Θ-regular. As a consequence of the Radon-Nikodym theorem for
measures one has dω(x) = eiφ(x)k(x)dθ, with φ a real-valued measurable
function and k ∈ L1(θ), k ≥ 0. We finally get the representation
Ω(f, g) =
∫
X
f(x)g(x)eiφ(x)k(x)dθ, f, g ∈ D.
Identifying H with the multiplication operator by
√
k(x) and Y with the
multiplication operator by eiφ(x), we get, according to Theorem 3.6, the
representation
Ω(f, g) = 〈HY f |Hg 〉
θ
, f, g ∈ D,
the inner product on the right hand side being that of L2(θ).
Example 6.3. Let S, T be closable linear operators in Hilbert space H.
We suppose that D := D(S) ∩D(T ) is dense in H. We will show that the
sesquilinear form Ω on D ×D defined by
Ω(ξ, η) = 〈Sξ |Tη 〉 , ξ, η ∈ D
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is ι-regular (where ι denotes the inner product of H). Let us consider the
positive selfadjoint operator H = (I + S∗S + T ∗T )1/2 whose domain con-
tains D. Then it is easy to see that the positive sesquilinear Ψ defined
by Ψ(ξ, η) = 〈Hξ |Hη 〉, ξ, η ∈ D, is a member of M(Ω) and that Ψ is ι-
absolutely continuous. Thus Ω is ι-regular and can be represented as
Ω(f, g) = 〈HY f |Hg 〉 , f, g ∈ D.
In most cases, the form of Y remains implicit.
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